On the Generalized Quasi-variational Inequality Problems  by Chang, Shih-sen et al.
 .JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 203, 686]711 1996
ARTICLE NO. 0406
On the Generalized Quasi-variational
Inequality Problems
Shih-sen Chang
Department of Mathematics, Sichuan Uni¨ ersity, Chengdu, Sichuan 610064,
People’s Republic of China
Byung Soo Lee
Department of Mathematics, Kyungsung Uni¨ ersity, Pusan 608-736, Korea
Xian Wu
Department of Mathematics, Zhaotong Teacher’s College, Zhaotong, Yunan 657000,
People’s Republic of China
Yeol Je Cho
Department of Mathematics, Gyeongsang National Uni¨ ersity, Chinju 660-701 Korea
and
Gue Myung Lee
Department of Natural Sciences, Pusan National Uni¨ ersity of Technology,
Pusan 608-739, Korea
Submitted by William F. Ames
Received September 29, 1995
THIS PAPER IS DEDICATED TO PROFESSOR KY FAN ON HIS
80TH BIRTHDAY
The purpose of this paper is to study the existence problem of solutions for some
kinds of abstract generalized quasi-variational inequality problems by using a new
kind of fixed point approach. Q 1996 Academic Press, Inc.
686
0022-247Xr96 $18.00
Copyright Q 1996 by Academic Press, Inc.
All rights of reproduction in any form reserved.
QUASI-VARIATIONAL INEQUALITY 687
1. INTRODUCTION
 .The quasi-variational inequality QVI was introduced and studied in
w xBensoussan and Lions 3, 4 first, which was raised in some problems of
random impulse controls, and it has many applications in control and
optimization theory, economics and transportation equilibrium, contact
problems in elasticity, fluid flow through porous media, game theory, and
mathematical programming. In recent years, various extensions of QVI
 wproblems have been proposed and analysed see, for example, 6]8, 12, 15,
x.18]20 .
w x w xIn 1982, Chan and Pang 6 and Fang and Peterson 10 considered the
 .following generalized quasi-variational inequality GQVI problem: Let
S ; R n be a nonempty subset and T : S ª 2S a multifunction. Find x g S,
 .y g T x such that
y , u y x G 0 for all u g S. .
w xIn 1987, Parida and Sen 14 considered the following GQVI problem: Let
S ; R n and C ; R p be two nonempty subsets, T : S ª 2C a multifunction,
and M: S = C ª R n, h: S = S ª R n single-valued functions. Find x g S,
 .y g T x such that
M x , y , h u , x G 0 for all u g S. .  . .
w x w x w xRecently, Chang and Shu 7, 8 , Kum 12 , and Yao and Guo 18]20
considered the following abstract GQVI problem under various conditions:
Let E, F be two locally convex Hausdorff topological vector spaces, let
X ; E, Y ; F be two nonempty subsets, let S: X ª 2 X, T : X ª 2Y be
two multifunctions, and w : X = Y = X ª R be a continuous function with
 .  .  .w x, y, x G 0 for all x g X, y g Y. Find x g S x , y g T x such that
w x , y , u G 0 for all u g S x . 1.1 .  .  .
The purpose of this paper is continuously to study the existence problem
 .of solutions for GQVI 1.1 , under some more general conditions, using a
new kind of fixed point approach. Our results presented in this paper
w xcontain the main results of 6]8, 13, 16, 18, 19 as their special cases.
For the sake of convenience, we first recall some definitions and
notations.
w x   4.DEFINITION 1 2, 11 . An H-space is an ordered pair X, G , where XA
 4is a topological space and G is a given family of nonempty contractibleA
subsets of X, indexed by the finite subsets of X such that A ; B implies
G ; G .A B
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w x   4.DEFINITION 2 2 . Let X, G be an H-space, D ; X a nonemptyA
subset.
 .1 D is said to be H-convex, if for any finite subset A of D,
G ; D.A
 .2 D is said to be weakly H-convex, if for any finite subset A of D,
G l D is a nonempty contractible set.A
 .3 A subset K ; X is said to be H-compact, if for any finite subset
A ; X, there exists a compact, weakly H-convex subset D ; X such that
K j A ; D.
 . X4 A multifunction F: X ª 2 is called an H-KKM multifunction,
 .if for any finite subset A ; X, G ; D F x .A x g A
Remark. If X is a topological vector space, putting G s co A, theA
  4.convex hull of A, for any finite subject A ; X, we see that X, G is anA
H-space. If D is a convex subset of X, then it is H-convex.
  4.DEFINITION 3. Let X, G be an H-space. A functional f : X ª R isA
  . 4said to be H-quasi-convex, if for any r g R, the set x g X : f x - r is
H-convex.
w xDEFINITION 4 17 . Let X and Y be two topological spaces and let F:
Y X ª 2 be a multifunction. F is said to be transfer open-valued resp.
.  .   ..transfer closed-valued , if for any x g X, y g F x resp. y f F x there
  ..  . exists an x9 g X such that y g int F x9 resp. y f F x9 . Throughout .
 .this paper we use int A and A to denote the interior and closure of the
.set A, respectively .
 .Remark. It is easy to see that a closed-valued resp. open-valued
 .multifunction is a transfer closed-valued resp. transfer open-valued mul-
tifunction. But the converse is not true.
w xDEFINITION 5 1 . Let X and Y be two topological spaces and let F:
X ª 2Y be a multifunction.
 .  .1 F is said to be upper semi-continuous in short, u.s.c. at x g X0
  ..  .if for any neighborhood N F x of F x , there exists a neighborhood0 0
 .N x of x of such that0 0
x g N x implies F x ; N F x . .  .  . .0 0
We say that F is upper semi-continuous on X if it is u.s.c at every point
x g X.
 .  .2 F is said to be lower semi-continuous in short, l.s.c. at x g X0
 .  .if for any y g F x and any neighborhood N y of y , there exists a0 0 0 0
 .neighborhood N x of x such that0 0
x g N x implies F x l N y / B. .  .  .0 0
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We say that F is lower semi-continuous on X if it is l.s.c. at every point
x g X.
 .3 F is said to be continuous at x g X if it is u.s.c. and l.s.c. at0
x g X.0
2. A GENERALIZATION OF FAN]BROWDER'S FIXED
POINT THEOREM
In this section we obtain a generalization of Fan]Browder's fixed point
w xTheorem 5, 9, 21]25 .
LEMMA 2.1. Let X be a nonempty set, let Y be a topological space, and let
G: X ª 2Y be a multifunction.
 .1 G is transfer closed-¨ alued if and only if
G x s G x . 2.1 .  .  .F F
xgX xgX
 .2 G is transfer open-¨ alued if and only if
G x s int G x . .  . .D D
xgX xgX
 .  .3 If X is also a topological space, G x is nonempty for each x g X,
and Gy1 is transfer open-¨ alued, then
X s int Gy1 y . . .D
ygY
 .4 In addition, if X is a compact topological space, G is nonempty
H-con¨ex-¨ alued, and Gy1 is transfer open-¨ alued, then there exists a contin-
uous selection of G, i.e., there exists a continuous function f : X ª Y such
that
f x g G x for all x g X . .  .
 .  .  .Proof. 1 Assume that 2.1 is true. For any x g X, if y f G x then
 .y f F G x s F G x , and so there exists x9 g X such that .x g X x g X
y f G x9 . This implies that G is transfer closed-valued. .
Conversely, if G is transfer closed-valued, but
G x r G x , .  .F F
xgX xgX
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 .then there exists y g F G x such that y f F G x . Hence .x g X x g X
 .there exists x g X such that y f G x . Since G is transfer closed-valued,
there exists x9 g X such that y f G x9 , and so y f F G x . This .  .x g X
contradicts y g F G x . Therefore we have .x g X
G x ; G x . .  .F F
xgX xgX
 .  .Since F G x ; F G x , 2.1 is proved. .x g X x g X
 . Y  .  .2 Define a multifunction F: X ª 2 by F x s Y _ G x for each
x g X. Then G is transfer open-valued if and only if F is transfer
 .closed-valued. By conclusion 1 we know that G is transfer open-valued if
and only if
F x s F x , i.e., G x s int G x . .  .  .  . .F F D D
xgX xgX xgX xgX
 .  .  .3 If G x is nonempty for each x g X, then there exists a y g G x
y1 . y1 . y1for each x g X, i.e., x g G y , so X s D G y . Since G isy g Y
 .transfer open-valued, by conclusion 2 we have
X s Gy1 y s int Gy1 y . .  . .D D
ygY ygY
 .  . y14 By the assumption that G x is nonempty for each x g X, and G
 .is transfer open-valued, from conclusion 3 we have
X s int Gy1 y . . .D
ygY
w xBesides, since G is H-convex-valued, by Tarafdar 16, Theorem 2.2 there
exists a continuous selection of G. This completes the proof.
  4. XLEMMA 2.2. Let X, G be an H-space and let F: X ª 2 be anA
H-KKM multifunction such that
 .i F is transfer closed-¨ alued;
 .ii there exist a compact subset L of X and an H-compact subset K of X
such that for each weakly H-con¨ex subset D of X with K ; D ; X the
following holds:
F x l D ; L. . .F
xgD
Then
F x / B. .F
xgX
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X  .Proof. Define F: X ª 2 by F x s F x for each x g X. Since F is .
an H-KKM multifunction, F is also an H-KKM multifunction with
w xclosed-values. By Bardaro and Ceppitelli 2, Theorem 1
F x / B. .F
xgX
Since F is transfer closed-valued, by Lemma 2.1, we have
F x s F x / B. .  .F F
xgX xgX
This completes the proof.
  4.LEMMA 2.3. Let X, G be an H-space, let Z be any set, and let G be aA
nonempty subset of Z. Let f : X = X ª Z be a function such that
 .   . 4i the multifunction y ¬ x g X : f x, y g G is transfer closed-
¨alued;
 .   . 4ii for each x g X, the set y g X : f x, y f G is H-con¨ex;
 .iii there exist a compact subset L of X and an H-compact subset K of
X such that for each weakly H-con¨ex subset D of X with K ; D ; X the
following holds:
x g X : f x , y g G l D ; L. 4 . .F
ygD
Then one of the following conclusion holds:
 .  .1 There exists a y g X such that f y, y f G;
 .  .2 There exists an x g X such that f x, y g G for all y g X.
X  .   .Proof. Define a multifunction F: X ª 2 by F y s x g X : f x, y g
4  .  .  .G for each y g X. By conditions i and iii , we know that conditions i
 .  .and ii in Lemma 2.2 are satisfied. If conclusion 1 does not hold, then
f y , y g G for each y g X . 2.2 .  .
Next we prove that F is an H-KKM multifunction. Suppose the con-
trary. If F is not an H-KKM multifunction, then there exists a finite
 .subset A ; X such that G o D F y . Hence there exists a z g G ,A y g A A
 .  .but z f D F y . This means that f z, y f G for all y g A, and soy g A
A ; y g X : f z , y f G . 4 .
 .   . 4By condition ii the set y g X : f z, y f G is H-convex; hence we have
z g G ; y g X : f z , y f G , 4 .A
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 .  .i.e., f z, z f G. This contradicts 2.2 . Hence F is an H-KKM multifunc-
tion. By Lemma 2.2 we have
F y / B. .F
ygX
 .Hence there exists an x g X such that x g F y for all y g X, i.e.,
 .f x, y g G for all y g X. This completes the proof.
Using the above results, we are now in a position to give the following
fixed point theorem for product H-spaces.
  4. 4THEOREM 2.4. Let X , G : a g I be a family of H-spaces, I ana Aa
 4index set, X s  X , and T : a g I a family of multifunctions, wherea g I a a
T : X ª 2 Xa for all a g I. Suppose thata
 .  .i For any x g X, and for any a g I, T x is a nonempty H-con¨exa
set;
 .ii one of the following conditions holds:
 . y1 Xa for each a g I, T : X ª 2 is transfer open-¨ alued if I isa a
finite;
 . y1 Xb the multifunction T : X ª 2 which is defined by
Ty1 y s Ty1 y for each y g X , .  .F a a
agI
 .where y s y is transfer open-¨ alued, if I is infinite.a a g I
If there exist a compact subset L of X and an H-compact subset K of X such
that for each weakly H-con¨ex subset D of X with K ; D ; X the following
holds,
x g X : y f T x for some b g I l D ; L, 2.3 .  . 4F  /b b
ygD
where y is the projection of y onto X , then there exists an x# g X such thatb b
x# g T x# , i .e., x# g T x# for all a g I , .  . a a a
agI
where x# is the projection of x# onto X for each a g I.a a
Proof. Suppose the contrary. Then for any x g X,
x f T x , 2.4 .  . a
agI
 .i.e., for any given x g X, there exists some b g I such that x f T x .b b
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Next we define a set G ; X = X by
G s x , y g X = Y : y f T x . .  . 5a
agI
 .From 2.4 we know that
x , x g G for all x g X , .
i.e., G is nonempty.
Since the product of any number of H-convex sets is H-convex see
w x.  .Tarafdar 16, Lemma 1.1 , by condition i , for any x g X the set
y g X : x , y f G s y g X : y g T x s T x 4 .  .  .  5a a
agI agI
is H-convex.
On the other hand, we have
x g X : x , y f G s x g X : y g T x 4 .  . 5a
agI
s x g X : y g T x for each a g I 4 .a a
s x g X : x g Ty1 y . 4F a a
agI
s Ty1 y . 2.5 .  .F a a
agI
 . .  .If I is infinite, by condition ii b , from 2.5 we know that the multi-
function
y ¬ x g X : x , y f G 2.6 4 .  .
 .is transfer open-valued. Next we prove that the multifunction 2.6 is also
transfer open-valued if I is finite. In fact, if
x g Ty1 y s x g X : x , y f G , 4 .  .F a a
agI
y1 .  . .then x g T y for a g I. Hence by condition ii a , there existsa a
yX g X such thata a
x g int Ty1 yX for all a g I. . .a a
Since I is finite, we have
x g int Ty1 yX . .F a a
agI
Xy1s int int T y . .F a a
agI
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; int Ty1 yX .F a a /
agI
s int x g X : x , y9 f G . 4 . .
 .This shows that the multifunction 2.6 is transfer open-valued. Therefore
the multifunction
y ¬ x g X : x , y g G s X _ x g X : x , y f G 4  4 .  .
is transfer closed-valued.
 .Furthermore, it follows from 2.3 that
x g X : x , y g G l D 4 . .F
ygD
s x g X : y f  T x l D 4 . .F a g I a
ygD
s x g X : y f T x for some b g I l D ; L. . 4F  /b b
ygD
 .  .Taking Z s X = X, and defining f : X = X ª X = X by f x, y s x, y
 .for all x, y g X = X we know that all of the conditions in Lemma 2.3 are
 .satisfied. By Lemma 2.3, there exists an x g X such that x, y g G for all
 .  .y g X, i.e., y f  T x for all y g X. This implies that  T x isa g I a a g I a
 .empty. Therefore thefre exists a g I such that T x is empty. Thisa
 .contradicts condition i . Hence there exists an x# g X such that
x# g T x# . . a
agI
This completes the proof.
  4. 4It should be pointed out that, if X , G : a g I is a family ofa Aa
 .compact H-spaces, then condition 2.3 in Theorem 2.4 holds automati-
cally, so we have the following:
  4.THEOREM 2.5. Let X , G be a family of compact H-spaces, anda Aa
 4let X s  X and T : a g I be a family of multifunctions, wherea g I a a
T : X ª 2 Xa for all a g I. Suppose further thata
 .  .i for any x g X, and any a g I, T x is a nonempty H-con¨ex set;a
 .ii one of the following condition holds:
 . y1 Xa for any a g I, T : X ª 2 is transfer open-¨ alued if thea a
index set I is finite;
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 . y1 Xb the multifunction T : X ª 2 which is defined as that in
Theorem 2.4, is transfer open-¨ alued, if the index set I is infinite.
Then there exists an x# g X such that
x# g T x# . . a
agI
3. GENERALIZED QUASI-VARIATIONAL INEQUALITY
PROBLEMS IN H-SPACES
In this section, we shall use the results presented in Section 2 to study
 .the existence of solutions for the GQVI problem of type 1.1 in the
H-space without linear structure.
  4.THEOREM 3.1. Let X, G be a compact Hausdorff H-space, and letA
  4.Y, G be a Hausdorff H-space. Suppose thatB
 . Yi T : X ª 2 is a multifunction with nonempty H-con¨ex ¨alues and
Ty1 : Y ª 2 X is transfer open-¨ alued;
 . Xii S: X ª 2 is a continuous multifunction with nonempty compact
y1 .H-con¨ex ¨alues and S x is open for any x g X ;
 .iii w : X = Y = X ª R is a continuous function satisfying
 .  .  .a w x, y, x G 0 for all x g X and all y g T x ;
 .  .b the function z ¬ w x, y, z is H-quasi-con¨ ex.
 .  .Then there exist x g S x , y g T x such that
w x , y , x G 0 for all x g S x . . .
 .  .Proof. By 4 in Lemma 2.1 and condition i , there exists a continuous
selection f : X ª Y of the multifunction T. Next for each n s 1, 2 . . . , we
define a multifunction F : X ª 2 X byn
1
F x s z g S x : w x , f x , z - min w x , f x , u q .  .  .  . .  .n  5n .ugS x
for each x g X .
Since S is nonempty, compact-valued, and H-convex-valued, by condition
 . .  .iii b F x is nonempty H-convex for any x g X. Furthermore, for anyn
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z g X, we have
Fy1 z s x g X : z g F x 4 .  .n n
s x g X : z g S x and w x , f x , z .  . .
1
- min w x , f x , u q . . 5n .ugS x
s Sy1 z l x g X : w x , f x , z .  . .
1
- min w x , f x , u q . . 5n .ugS x
s Sy1 z l x g X : w x , f x , z .  . .
1
q max yw x , f x , u - . . . 5n .ugS x
Since w and f are continuous, and S is compact-valued and continuous, by
w xAubin and Ekeland 1, p. 119, Proposition 21 , the function
x ¬ max yw x , f x , u . .
 .ugS x
is u.s.c. and so the function
x ¬ w x , f x , z q max yw x , f x , u .  . .  .
 .ugS x
is u.s.c. This implies that
1
x g X : w x , f x , z q max yw x , f x , u - .  . .  . 5n .ugS x
y1 .  .is an open set. On the other hand, S z is open by condition ii .
y1 .Therefore for any z g X, F z is open. This implies that the multifunc-n
tion Fy1 is transfer open-valued. By Theorem 2.5 with I being a singleton,n
there exists an x g X such thatn
x g F x , n s 1, 2 . . . . 3.1 .  .n n n
Since X is compact, without loss of generality, we can assume that
 .  .  .x ª x g X and so f x ª f x g T x .n n
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 .On the other hand, from the definition of F and 3.1 we haven
1
x g S x , and w x , f x , x - min w x , f x , u q , .  .  . .  .n n n n n n n n .ugS xn
n s 1, 2, . . . . 3.2 .
Since S is compact-valued and continuous, the graph of S is closed, and so
 . wx g S x . Again, since S is continuous, by Aubin and Ekeland 1, p. 118,
xProposition 19 , the function
x ¬ min w x , f x , u s y sup yw x , f x , u .  . .  .
 .ugS x  .ugS x
 .is u.s.c. Therefore from 3.2 we have
1
w x , f x , x F lim min w x , f x , u q .  . .  .n n n .ugS xnª` n
F min w x , f x , u . . .
 .ugS x
 .  . .Letting y s f x and using condition iii a we have
w x , y , x G min w x , y , u .  .
 .ugS x
G w x , y , x .
G 0 for all x g S x . .
This completes the proof.
From Theorem 3.1 we can obtain the following consequences.
  4.   4.COROLLARY 3.2. Let X, G , Y, G , T , and w be the same as thoseA B
 .in Theorem 3.1. Then there exist x g X and y g T x such that
w x , y , x G 0 for all x g X . .
 .Proof. Taking S x ' X for all x g X, we obtain the conclusion
immediately.
COROLLARY 3.3. Let E, F be two Hausdorff topological ¨ector spaces,
X ; E a nonempty compact con¨ex subset, and Y ; F a nonempty con¨ex
subset. Suppose that
 . Yi T : X ª 2 is a multifunction with nonempty con¨ex-¨ alues and
Ty1 : Y ª 2 X is transfer open-¨ alued;
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 . Xii S: X ª 2 is a continuous multifunction with nonempty compact
y1 .con¨ex ¨alues, and S x is open for any x g X ;
 .iii w : X = Y = X ª R is a continuous function such that
 .  .  .a w x, y, x G 0 for all x g X and all y g T x ;
 .  .b z ¬ w x, y, z is quasi-con¨ ex.
 .  .Then there exist x g S x and y g T x such that
w x , y , x G 0 for all x g S x . . .
  4.THEOREM 3.4. Let X, G be a compact Hausdorff H-space, and letA
  4.Y, G be a Hausdorff H-space. Suppose further thatB
 . Yi T : X ª 2 is a multifunction with nonempty H-con¨ex ¨alues and
Ty1 : Y ª 2 X is transfer open-¨ alued.
 . Xii S: X ª 2 is a l.s.c. multifunction with nonempty H-con¨ex
¨alues and Sy1 : X ª 2 X is closed-¨ alued.
 .iii w : X = Y = X ª R is a continuous function satisfying
 .  .  .a w x, y, x G 0 for all x g X and all y g T x ;
 .  .b for each x, y g X = Y,
  .  .4z g X : w x, y, z s min w x, y, uug S x .
is H-con¨ex.
 .iv For any continuous function f : X ª Y, there exists a finite subset
y1 .A ; X such that for any x g X, there exists a z g A satisfying x g S z and
w x , f x , z s min w x , f x , u . .  . .  .
 .ugS x
 .  .Then there exists x g S x , y g T x such that
w x , y , x G 0 for all x g S x . . .
 .Proof. From Lemma 2.1 4 , there exists a continuous selection f :
X ª Y of T. Next we define a multifunction F: X ª 2 X by
F x s z g S x : w x , f x , z s min w x , f x , u . .  .  .  . .  . 5
 .ugS x
Since w and f are continuous, and S is H-convex-valued, so F is
nonempty H-convex valued. Besides, for any z g X we have
Fy1 z s x g X : z g F x 4 .  .
s x g X : z g S x and w x , f x , z s min w x , f x , u .  .  . .  . 5
 .ugS x
s Sy1 z l x g X : w x , f x , z .  . .
q sup yw x , f x , u s 0 . . . 5
 .ugS x
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wSince w is continuous and S is l.s.c., by Aubin and Ekeland 1, p. 118,
xProposition 19 , the function
x ¬ sup yw x , f x , u . .
 .ugS x
is l.s.c., and so the function
x ¬ w x , f x , z q sup yw x , f x , u .  . .  .
 .ugS x
y1 . y1 .is l.s.c. In view of the closedness of S z , we know that F z is closed
for all z g X.
 .On the other hand, by condition iv there exists a finite subset A ; X
such that
Fy1 A s Fy1 z s X . .  .D
zgA
w xFrom Corollary 3.6.4 in Chang 7 , it follows that there exists x g X such
 .that x g F x , i.e.,
x g S x and w x , f x , x s min w x , f x , u . .  .  . .  .
 .ugS x
 .  .Since f is a continuous selection of T , f x g T x .
 .Letting y s f x , we have
y g T x and w x , y , x s min w x , y , u . .  . .
 .ugS x
By the assumption on w, we have
w x , y , x G min w x , y , u s w x , y , x G 0 for all x g S x . . .  .  .
 .ugS x
This completes the proof.
 .In Theorem 3.4, if S x ' X for all x g X, then we have the following
corollary.
  4.   4.COROLLARY 3.5. Let X, G , Y, G , T , and w be the same as thoseA B
in Theorem 3.4. Suppose that for each continuous function f : X ª Y, there
exists a finite subset A ; X such that for any x g X, there exists a z g A
satisfying
w x , f x , z s min w x , f x , u . .  . .  .
ugX
 .Then there exist x g X, y g T x such that
w x , y , x G 0 for all x g X . .
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  4.   4.THEOREM 3.6. Let X, G and Y, G be two H-spaces. Suppose thatA B
 . Yi T : X ª 2 is a multifunction with nonempty H-con¨ex ¨alues and
Ty1 : Y ª 2 X is transfer open-¨ alued;
 . Xii S: X ª 2 is a multifunction with nonempty compact H-con¨ex
¨alues;
 .iii w : X = Y = X ª R is a function such that
 .  .  .a w x, y, x G 0 for all x g X and y g T x ;
 .  .b z ¬ w x, y, z is l.s.c.;
 .  .c for any x, y g X = Y,
z g X : w x , y , z s min w x , y , u .  . 4y g S x .
is H-con¨ex;
 .d the multifunction
z ¬ x , y g Sy1 z = Y : w x , y , z s min w x , y , u .  .  .  . 5
 .ugS x
is transfer open-¨ alued.
 .iv There exist a compact subset L of X = Y and an H-compact subset
K ; X = Y such that for each weakly H-con¨ex subset D of X = Y with
K ; D ; X = Y, the following holds,
x , y g X = Y : u f F x , y or ¨ f T x l D ; L, 4 .  .  . .F 1
 .u , ¨ gD
where F : X = Y ª 2 X is a multifunction defined by1
F x , y s z g S x : w x , y , z s min w x , y , u .  .  .  . 51
 .ugS x
for each x , y g X = Y . .
 .  .Then there exist x g S x , y g T x such that
w x , y , x G 0 for all x g S x . . .
Proof. From the assumption that S is compact valued and H-convex
valued, we know that the multifunction F is nonempty H-convex valued.1
Besides, for any z g X we have
Fy1 z s x , y g Sy1 z = Y : w x , y , z s min w x , y , u . .  .  .  .  . 51
 .ugS x
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 . . y1Hence by condition iii d , F is transfer open-valued. On the other1
Y  .hand, if we define a multifunction F : X = Y ª 2 by F x, y s Tx, then2 2
 . y1 X=Yby condition i F is nonempty H-convex valued and F : Y ª 2 is2 2
transfer open-valued. Therefore F and F satisfy all of the conditions in1 2
 4  .Theorem 2.4 with I s 1, 2 . Hence there exists a x, y g X = Y such that
x , y g F x , y = F x , y , i.e., x g F x , y and y g F x , y . .  .  .  .  .1 2 1 2
By the definition of F and F we know that1 2
x g S x , y g T x , w x , y , x s min w x , y , u . .  .  . .
 .ugS x
 . .Hence by condition iii a , we have
w x , y , x G min w x , y , u s w x , y , x G 0 for all x g S x . . .  .  .
 .ugS x
This completes the proof.
 .COROLLARY 3.7. Let condition d in Theorem 3.6 be replaced by the
 .following condition d9 :
 .d9 For each z g X, the set
x , y g Sy1 z = Y : w x , y , z s min w x , y , u .  .  .  . 5
 .ugS x
contains an open set O such that D O s X = Y for some z g X, Oz z g X z z
.may be open . Then the conclusion of Theorem 3.6 still holds.
 .Proof. From condition d9 , we know that for each z g X there exists
an open set O ; X = Y such thatz
Fy1 z s x , y g Sy1 z = Y : w x , y , z s min w x , y , u > O .  .  .  .  . 51 z
 .ugS x
and
O s X = Y .D z
zgX
 . y1 .  .Hence for any x, y g F z , there exists z9 g X such that x, y g1
y1 .  .  y1 .. y1 X=YO ; F z9 , i.e., x, y g int F z9 . This implies that F : X ª 2z 9 1 1 1
 .is transfer open-valued, and so condition d in Theorem 3.6 is satisfied.
This completes the proof.
THEOREM 3.8. Let E be a locally con¨ex Hausdorff topological ¨ector
space, and let F be a Frechet space. Let X ; E be a nonempty compactÂ
con¨ex set and Y ; F a nonempty closed con¨ex set. Suppose that
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 . Yi T : X ª 2 is a u.s.c. multifunction with nonempty compact
con¨ex ¨alues;
 . Xii S: X ª 2 is a continuous multifunction with nonempty closed
con¨ex ¨alues;
 .iii w : X = Y = X ª R is a continuous function such that
 .  .a w x, y, x G 0 for all x g X, y g Y;
 .  .b u ¬ w x, y, u is quasi-con¨ ex.
 .  .Then there exist x g S x , y g T x such that
w x , y , x G 0 for all x g S x . . .
Proof. Define a multifunction P: X = Y ª 2 X by
P x , y s z g S x : w x , y , z s min w x , y , u . .  .  .  . 5
 .ugS x
 .Since w is continuous and the function u ¬ w x, y, u is quasi-convex, for
 .  .any x, y g X = Y, P x, y is a nonempty compact convex set.
Next we prove that P: X = Y ª 2 X is u.s.c. For this purpose, by
w xProposition 5.1.2 in 7 it suffices to prove that the graph of P is closed. In
 .4  .fact, let x , y ; X = Y be any net which converges to x, y anda a a g I
 .  .let z g P x , y be such that z ª z g X. Since z g P x , y , z ga a a a a a a a
 .  .S x , by the continuity of S, we know that z g S x and for eacha
 .  .¨ g S x , there exists ¨ g S x such that ¨ ª ¨ . Besides, from the facta a a
 .that z g P x , y we havea a a
w x , y , z F w x , y , ¨ . .  .a a a a a a
Furthermore, by the continuity of w, we have
w x , y , z s lim w x , y , z .  .a a a
a
F lim w x , y , ¨ .a a a
a
s w x , y , ¨ . 3.3 .  .
 .  .By the arbitrariness of ¨ g S x , from 3.3 we have
w x , y , z s lim w x , y , ¨ . .  .
 .¨gS x
 .This implies that z g P x, y , and so the graph of P is closed. Hence P is
u.s.c. Since T : X ª 2Y is a u.s.c. multifunction with nonempty compact
 .convex values, T X is compact. Since F is Frechet, by Proposition 5.1.3 inÂ
QUASI-VARIATIONAL INEQUALITY 703
w x  .  .7 , co T X is a compact convex set. Let H s co T X and define a
multifunction G: X = H ª 2 X=H by
G x , y s P x , y = T x . .  .  .
Hence G: X = H ª 2 X=H is a u.s.c. multifunction with nonempty com-
pact convex values. By the Kakutani]Fan]Glicksberg fixed point theorem,
 .there exists x, y g X = H such that
x , y g G x , y s P x , y = T x , i.e., x g P x , y , and y g T x . .  . .  .  .  .
Hence we have
x g S x , y g T x , w x , y , x G w x , y , x G 0 .  .  .  .
for all x g S x . .
This completes the proof of Theorem 3.8.
THEOREM 3.9. Let E be a reflexi¨ e Banach space, F a Frechet space,Â
X ; E and Y ; F two nonempty closed con¨ex sets. Suppose that T : X ª 2Y
is a multifunction with nonempty compact con¨ex ¨alues and that it is upper
semi-continuous with respect to the weak topology on X and the topology on Y.
Let M: X = Y ª E* be a continuous mapping with respect to the weak
topology on X, the topology on Y, and the norm topology on E*. Let h:
X = X ª E be a weakly continuous mapping i.e., a continuous mapping
.with respect to the weak topology on X and the weak topology on E . Suppose
further that
 .  .i h x, x s 0 for all x g X ;
 .   .  ..ii the function u ¬ M x, y , h u, x is con¨ex;
 . 5 5 5 5iii there exists u g X with u - r such that for all x g X with x s r
max M x , y , h u , x F 0. .  . .
 .ygT x
 .Then there exist x g X, y g T x such that
M x , y , h x , x G 0 for all x g X . 3.4 .  . . .
 .  .Proof. Taking X s X l B r, u , where B r, u is a closed ball cen-r
tered at u with radius r ) 0, we know that X is a weakly compact convexr
subset of X. If we let
w x , y , u s M x , y , h u , x , .  .  . .
then w : X = Y = X ª R is a continuous function with respect to ther r
weak topology on X and the topology on Y. By Theorem 3.8, there existr
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 .x g X , y g T x such thatr
M x , y , h x , x G 0 for all x g X . 3.5 .  . . . r
Now we consider two cases:
 . 5 5  .  .a If x s r, by condition iii and 3.5 we have
M x , y , h u , x s 0. 3.6 .  . . .
 .Hence for any x g X, taking l g 0, 1 small enough so that
w s l x q 1 y l u g X , . r
 .by condition ii we have
0 F M x , y , h w , x . . .
F l M x , y , h x , x q 1 y l M x , y , h u , x .  .  . .  . .  .
s l M x , y , h x , x . . .
 .  .  .from 3.5 and 3.6 . Therefore, in this case, 3.4 is proved.
 . 5 5  .b If x - r, then for any x g X, taking l g 0, 1 such that
 .  .z s l x q 1 y l x g X , by the same argument given in case a , we canr
 .prove that 3.4 is true. This completes the proof.
DEFINITION 3.1. Let E be a Hausdorff topological space, X ; E, h:
 . E*X = X ª E a function with h x, x s 0 for all x g X. Let G: X ª 2 be
a multifunction with nonempty values. G is said to be h-monotone, if for
 .  .any x, u g X and for any y g G x , ¨ g G u , we have
y , h u , x q ¨ , h x , u F 0. .  . .  .
THEOREM 3.10. Let E, X, F, Y, T , and M be the same as those in
Theorem 3.9. Let h: X = X ª E be a weakly continuous function satisfying
the following conditions:
 .  .i h x, x s 0 for all x g X ;
 .   .  ..ii the function u ¬ M x, y , h u, x is con¨ex and the multifunc-
tion G: X ª 2 E* define by
G x s M x , y : y g T x 4 .  .  .
is h-monotone;
 .  .iii there exist u g X and ¨ g T u such that
lim M u , ¨ , h x , u ) 0. 3.7 .  .  . .
5 5x ª` , xgX
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 .Then there exist x g X, y g T x such that
M x , y , h x , x G 0 for all x g X . . . .
 . 5 5Proof. It follows from 3.7 that there exists r ) u such that for all
5 5x g X with x s r, we have
M u , ¨ , h x , u ) 0. .  . .
5 5  .Since G is h-monotone, for any x g X with x s r and for any y g T x
we have
M x , y , h u , x F y M u , ¨ , h x , u - 0. .  .  .  . .  .
Therefore all of the conditions in Theorems 3.9 are satisfied. The conclu-
sion of Theorem 3.10 follows from Theorem 3.9 immediately.
4. SOME PARTICULAR FORMS
From the results presented in the preceding sections we can obtain the
following results.
 w x.THEOREM 4.1 Yao and Guo 20, Theorem 3.1 . Let X be a nonempty
compact con¨ex subset of R n and f : X ª R n. Suppose that for e¨ery y g X,
the set
x g X : f x , x y y F 0 4.1 4 .  . .
is closed. Then the ¨ariational inequality
f x , u y x G 0 for all u g X . .
has a solution in X.
Proof. Define a multifunction T : X ª 2 X by
T x s u g X : f x , x y u ) 0 for each x g X . 4.2 4 .  .  . .
 .  .It is easy to see that T x is convex for each x g X, and by 4.1
Ty1 u s x g X : u g T x 4 .  .
s x g X : f x , x y u ) 0 4 . .
s X _ x g X : f x , x y u F 0 4 . .
is open for each u g X, and so Ty1 is transfer open-valued. If for any
 .x g X, T x is nonempty, then by Theorem 2.5 in the case of I being a
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 .singleton there exists x# g X such that x# g T x# . But this contradicts
 .  .4.2 . Therefore there must exist an x g X such that T x is empty, i.e.,
f x , x y u F 0 for all u g X . . .
Hence
f x , u y x G 0 for all u g X . . .
By the same argument we can prove the following result.
 w x.THEOREM 4.2 Yao and Guo 20, Theorem 3.6 . Let X be a nonempty
closed con¨ex subset of R n and f : X ª R n. Suppose that
 .    . . 4i For each y g X, the set x g X : f x , x y y F 0 is closed;
 .ii there exists a nonempty bounded subset D of X such that for each
x g X _ D, there exists a y g D with
f x , x y y ) 0. . .
Then there exists x g X such that
f x , u y x G 0 for all u g X . . .
Proof. Let X s X l B , which is chosen sufficiently large so thatr r
 .D ; int X . Since X is nonempty compact and convex, by Theorem 4.1X r r
there exists x g X such thatr
f x , u y x G 0 for all u g X . 4.3 .  . . r
 . 5 5On the other hand, by condition ii it is obvious that x - r. Hence for
 .  .any u g X _ X , there exists a l g 0, 1 such that lu q 1 y l x g X .r r
 .By 4.3 we have
0F f x , luq 1 y l x y x s f x , l u y x .  .  .  . . .
s l f x , u y x , . .
and so
f x , u y x G 0 for all u g X . . .
This completes the proof.
5. APPLICATIONS
 .I Minimization Problem
DEFINITION 5.1. Let V be an open subset of R n, and let f : V ª R be a
Gateaux differentiable function. The function f is pseudoconvex on V if,È
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for every distinct point x, u g V, we have
=f x , u y x G 0 implies f u G f x . .  .  . .
THEOREM 5.1. Let X be a closed con¨ex subset of R n, and let f be a
Gateaux differentiable function from an open con¨ex set V containing X intoÈ
R. Suppose that f is pseudocon¨ ex on V and the Gateaux differential =fÈ
satisfies the following conditions:
 .i For any y g X, the set
x g X : =f x , x y y F 0 4 . .
is closed.
 .ii There exists x g X such that0
lim =f x , x y x ) 0. 5.1 .  . .0
5 5x ª` , xgX
Then there exists x g X such that
f x s min f x . .  .
xgX
 .Proof. By condition 5.1 , there exists r ) 0 such that for any x g X
5 5with x ) r,
=f x , x y x ) 0. . .0
 5 54Taking m ) max r, x , we have0
=f x , x y x ) 0 for all x g X _ B . . .0 m
By Theorem 4.2, there exists x g X such that
=f x , u y x G 0 for all u g X . . .
Since f is pseudoconvex on X, from the preceding inequality we have
f x y f x G 0 for all x g X . .  .
Hence we have
f x s min f x . .  .
xgX
w xRemark. This theorem generalizes Theorem 7.3 in Yao and Guo 20 .
 .II Nonlinear Programming and Saddle Point Problem
Let E be a reflexive Banach space, F a Frechet space, X ; E andÂ
Y ; F two nonempty subsets, and L: X = Y ª R a function.
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DEFINITION 5.2. The first kind of nonlinear programming problem is to
 .find x, y g U such that
P L x , y s min L x , y , .  . .1
 .x , y gU
where
U s x , y g X = Y : L x , y s max L x , ¨ . .  .  . 5
¨gY
 .The second kind of nonlinear programming problem is to find x, y g W
such that
P L x , y s max L x , y , .  . .2
 .x , y gW
where
W s x , y g X = Y : L x , y s min L u , y . .  .  . 5
ugX
The saddle point problem is to find x g X, y g Y such that
SPP L x , y F L x , y F L x , y for all x g X , y g Y . .  .  . .
w x  .  .LEMMA 5.2 13 . A point x#, y# g X = Y is a solution of SPP if and
 .  .only if it is a solution of both P and P .1 2
DEFINITION 5.3. Let E be a Banach space, V ; E a nonempty open
subset, c : V ª R a Gateaux differentiable functional, and h: V = V ª EÈ
a function such that
 .  .i h x, x s 0 for x g V,
 .  .  .   .  ..ii c x y c u G =c u , h x, u for all x, u g V,
 .where =c u is the Gateaux derivative of c at u g V. Then c is said toÈ
be h-convex.
LEMMA 5.3. Let E be a reflexi¨ e Banach space, F a Frechet space, X ; EÂ
a nonempty closed con¨ex set, Y ; F a nonempty compact con¨ex set, and
 .L: V = Y ª R a function such that the function x ¬ L x, y is h-con¨ex on
an open set V in E containing X. If x* g X and y* g Y satisfies
 .  .  .i L x*, y* s max L x*, yy g Y
 .   .  ..ii = L x*, y* , h x, x* G 0 for all x g X,x
 .where = L is the Gateaux deri¨ ati¨ e of L with respect to x, then x*, y* is aÈx
 .solution of SPP .
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 .Proof. By Definition 5.3 and condition ii we have
L x , y* y L x*, y* G = L x*, y* , h x , x* G 0 .  .  .  . .x
for all x g X. This implies that
L x*, y* F L x , y* for all x g X . 5.2 .  .  .
 .By condition i we have
L x*, y F L x*, y* for all y g Y . 5.3 .  .  .
 .  .From 5.2 and 5.3 , the conclusion is proved.
THEOREM 5.4. Let E, F, X, Y, and V be the same as those in Lemma
5.3. Let L: V = Y ª R be a function and let h: V = V ª E be a weakly
continuous function satisfying the following conditions:
 .  .i the function x ¬ L x, y is h-con¨ex and weakly continuous;
 .  .ii the function y ¬ L x, y is conca¨e and continuous,
 .  .iii = L u, ¨ : X = Y ª E* is continuous with respect to the weakx
topology on X, the topology on Y, and the norm topology on E*.
If there exist u g X and ¨ g Y such that
L u , ¨ s max L u , ¨ and lim = L u , ¨ , h x , u ) 0, .  .  .  . .x
¨gY 5 5x ª`
xgX
5.4 .
 .then the SPP has a solution, and so both the first and second nonlinear
programming problems ha¨e a solution.
Proof. Since Y is a compact convex set in F and the function y ¬
 .L x, y is concave and continuous, it is easy to see that for each x g X the
set
T x s y g Y : L x , y s max L x , ¨ .  .  . 5
¨gY
is a nonempty compact convex subset of Y, and the multifunction T :
X ª 2Y is weakly u.s.c.
 .  .Moreover by condition i the function x ¬ L x, y is h-convex; hence
 .  .for any x, u g X, y g T x , and ¨ g T u we have
L x , y y L u , ¨ G L x , ¨ y L u , ¨ G = L u , ¨ , h x , u , .  .  .  .  .  . .x
L u , ¨ y L x , y G L u , y y L x , y G = L x , y , h u , x . .  .  .  .  .  . .x
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This implies that
= L u , ¨ , h x , u q = L x , y , h u , x F 0. 5.5 .  .  .  .  . .  .x x
Therefore the multifunction G: X ª 2 E* defined by
G x s = L x , y : y g T x 4 .  .  .x
 .is h-monotone. By Theorem 3.10, there exist x g X, y g T x such that
= L x , y , h x , x G 0 for all x g X . . . .x
This argument shows that all of the conditions in Lemma 5.3 are satisfied.
Thus by Lemma 5.3 the conclusion is proved.
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